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Hamiltonian and Lagrangian BRST Quantization in Riemann
Manifold II
Vipul Kumar Pandey∗
Department of Physics and Astrophysics, University of Delhi, New Delhi-110007, INDIA.
In this manuscript we will generalize the Hamiltonian and Lagrangian BRST quantization devel-
oped previously for the case of motion on the hypersurface VN−1 embedded in N dimensional Eu-
clidean space RN [1] to the case of L dimensional manifold VL embedded in RN with 1 ≤ L < N .The
results obtained here will be verified using a simple example of motion on torus knot.
I. INTRODUCTION
In this work we will generalize the results developed in ref.[1] for motion in hypersurface V(N−1) to
VL(1 ≤ L < N) in N dimensional Euclidean space R
N . As we know, the quantum mechanical analysis of
the system in curved space has been examined about the ordering problem for a long time [2, 3]. Also,
the problem of the quantization of a dynamical system constrained to a curved manifold embedded in
the higher-dimensional Euclidean space has been extensively investigated as one of the quantum theories
on a curved space [4–6]. For the ordering problem primarily, two approaches have been used, canonical
quantization and path-integral method. Here we are taking a non-relativistic particle constrained to a
curved surface embedded in the higher dimensional Euclidean space [7, 8]. These type of systems and
their various properties such as quantization in different approaches, their comparisons and applications
have been studied by many authors [9, 10]. This has motivated us to construct the BRST symmetry
for this kind of system. Here for the first time we have tried to BRST quantize the system of a non-
relativistic particle constrained to a curved surface embedded in the higher dimensional Euclidean space
in both Hamiltonian and Lagrangian formalism.
BRST quantization [11] is an important and powerful technique to deal with a system with constraints
[12–14]. It enlarges the phase space of a gauge theory and restores the symmetry of the gauge fixed action
in the extended phase space keeping the physical contents of the theory unchanged. BRST symmetry
plays a very important role in renormalizing spontaneously broken theories, like standard model and
hence it is extremely important to investigate it for different systems. To the best of our knowledge
BRST formulation for a non-relativistic particle constrained to a curved surface embedded in the higher
dimensional Euclidean space has not been developed yet. This motivates us in the study of BRST
symmetry for this system. We study non-relativistic particle constrained to a curved surface embedded
in the higher dimensional Euclidean space following the technique of Diracs constraints analysis [12–14].
The system is shown to contain second-class constraints. We will apply Batalin-Fradkin-Fradkina-Tyutin
(BFFT) method to convert these second class constraints to first class constraints [16, 17]. We further
develop the BRST charge and symmetry for this BFFT extended system using BFV (Batalin-Fradkin-
Vilkovisky) formulation from the constraints of the theory [14, 15]. In the limit L→ (N − 1) the results
have been obtained which are shown to be consistent with the previous result [1]. The possible method of
constructing nilpotent BRST charge in the operator form using the mode expansion of the fields [18] has
been suggested and a short discussion on possible correction in Hamiltonian due to BRST quantization
and its comparison with Dirac quantization is given [19]. The result has been verified using a simple
example of particle on torus knot[20, 21] by calculating the first class constraints, Hamiltonian BRST
charge and symmetry for it. At the end we will construct BRST transformation for this system using
Batalin-Vilkovisky (BV) quantization method [22–24].
This is the second and final part of the two part paper. In this part we will discuss BRST quantization
of embedding VL in Euclidean space RN where 1 ≤ L < N . The paper has been organized in the following
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2way. In the second section, we have reviewed motion in curved space and also calculated all the possible
constraints of the theory using Dirac’s constraints analysis. In the third section, we have reviewed BFFT
formalism. In the section four, we have constructed first class constraints and Hamiltonians. In the next
section we have constructed BRST symmetry for this system based on BFV Formalism. We have also
suggested possible method of construction of BRST operator and also the quantum correction which may
arise due to BRST quantization and its comparison with Dirac quantization. In the section six, we have
shown consistency of our results in the limit L→ (N − 1). In the section seven, we have given a simple
example of this kind of systems. In the section eight, we have discussed BV quantization of this system
based on BFFT formalism. In the next section concluding remark has been made. In the end we have
discussed some important calculations in the appendix.
II. CLASSICAL MECHANICS ON VL IN R
N
Consider an N dimensional Euclidean space RN , which is specified by a set of Cartesian coordinates
{x1, x2, ..., xa, ..., xn}. Further consider in RN an L dimensional Riemann subspace, VL(1 ≤ L < N), a
point of which is specified by a set of coordinates qk[8],
qk : {q1, q2, ..., qL} (1)
The metric of this system is defined as gij(q
k). We can construct in RN a set of curvilinear coordinates
including (q1, q2, ..., qL),
qα : {q1, q2, ..., qL, qL+1, ..., qN} (2)
Let us assume that {qL+a}(a : 1 ∼ N − L) are the intrinsic coordinates normal to VL[8]. We also use the
notation
Qa ≡ qL+a, a : 1 ∼ N − L (3)
Then the subspace VL can be defined as
Qa = qL+a = 0 (4)
The metric for the curvilinear coordinates qα in RN is defined as
g˜µν =
(
g˜ij Nib
Nja G˜ab
)
(5)
where Nia and G˜ab are defined as
Nia ≡ g˜µ=i,ν=L+a, G˜ab ≡ g˜µ=L+a,ν=L+b (6)
It is worth notice that the metric gij = g˜ij(q
k, Qa = 0) is induced metric on VL and the metric Gab =
G˜ab(q
k, Qa = 0) can be defined as some function on VL. Using this assumption, we will get N = 0 when
Q = 0. So the metric on VL have form
gµν =
(
g˜ij 0
0 G˜ab
)
(7)
and the inverse matrix is defined as
gµν =
(
gij 0
0 Gab
)
(8)
which implies that
gµζ .gζν = δ
µ
ν (9)
3which can further be written as,
gij · gjk = δ
i
k, G
ab ·Gbc = δ
a
c (10)
We know that g˜µν can also be written as
g˜µν = (
∂x
∂qµ
) · (
∂x
∂qν
). (11)
From here, we can obtain following relations[8]
0 = (
∂x
∂qk
) · (
∂x
∂Qa
)|Q=0 =
∑
A
eAk · h
A
a
gij(q
k) = (
∂x
∂qi
) · (
∂x
∂qj
)|Q=0 =
∑
A
eAi · e
A
j
Gab(q
k) = (
∂x
∂Qa
) · (
∂x
∂Qb
)|Q=0 =
∑
A
hAa · h
A
b (12)
where eAi and h
A
a are defined as
eAi (q
k) ≡ (
∂xA
∂qi
)|Q=0, h
A
a (q
k) ≡ (
∂xA
∂Qa
)|Q=0 (13)
Here, eAi are called the natural frame and gives the induced metric on VL. The inverse metric of g˜µν is
given by
g˜µν = ∇qµ · ∇qν (14)
where ∇ ≡ ∂
∂x
. From this, we obtain
gµν = g˜µν |Q=0 = ∇q
µ · ∇qν |Q=0. (15)
The Lagrangian for the particle motion on VL is defined as[8],
L =
1
2
· x˙Ax˙A − V (x) + λaQ
a(x) (16)
Here “A” varies between 1 to N and “a” from 1 to N − L. The metric for the coordinate xA is δAB.
λ′aS are variables which are independent of x
A and the dot denotes the time derivative. The canonical
momentum conjugate to xA and λa can be written as
PA ≡
∂L
∂x˙A
= x˙A
Πa ≡
∂L
∂λ˙a
≈ 0 (17)
Hamiltonian corresponding to Lagrangian in eqn(16) can be written as,
H0 =
1
2
· PAP
A + V (x) − λaQ
a(x) (18)
A. Hamiltonian Analysis
The primary constraint for this system is
Πa ≈ 0 (19)
4After inclusion of primary constraint our new Hamiltonian has the form
HT =
1
2
· PAP
A + V (x) − λaQ
a(x) + uaΠ
a (20)
where u′aS are the Lagrange multipliers. Now, using the Dirac’s technique of constraint analysis, we will
calculate all the constraints of the theory[8].
Π˙a = {Πa, HT }P = Q
a
Π¨a = {Qa, HT }P = P
A · ∂AQ
a
Πa(3) = {DQa, HT }P = D
2Qa −∇Qa · ∇(V − λdQ
d) (21)
Πa(4) will vanish and the value of u′aS will be determined from it. All the constraints can be written as,
Φa1 = Π
a ≈ 0
Φa2 = Q
a ≈ 0
Φa3 = DQ
a ≈ 0
Φa4 = P
APB∂A∂BQ
a −∇Qa · ∇(V − λdQ
d) = D2Qa −∇Qa · ∇Φ ≈ 0 (22)
where D = PA∂A, Φ = (V − λaQ
a) and ∇f · ∇g ≡
∑
A ∂Af · ∂Ag. Now, the Poisson brackets between
the constraints have following values[8],
{Φa1 ,Φ
b
4}P = −∇Q
a · ∇Qb ≡ −αab,
{Φa2 ,Φ
b
3}P = ∇Q
a · ∇Qb ≡ αab,
{Φa2 ,Φ
b
4}P = 2∇Q
a · (∇DQb) ≡ −βab,
{Φa3 ,Φ
b
4}P = 2∇(DQ
a) · ∇(DQb)−∇Qa · ∇Φb4 ≡ −γ
ab,
{Φa3 ,Φ
b
3}P = ∇(DQ
a) · ∇Qb −∇Qa · ∇(DQb) ≡ ρab
{Φa4 ,Φ
b
4}P = 2
[
∇Φa4 · ∇(DQ
a)−∇Φb4 · ∇(DQ
a)
]
≡ ǫab (23)
Other Poisson brackets vanish. It is worth notice that
αab = αba, (symmetric)
ρab = −ρba, (antisymmetric)
ǫab = −ǫba, (antisymmetric) (24)
Thus the matrix ∆abij between the constraints has the form
∆abij ≡ {Φi
a,Φj
b}P =


0 0 0 −αab
0 0 αab −βab
0 −αab ρab −γab
αab βba γba ǫab

 (25)
III. BFFT FORMALISM
In this section we will discuss the main results of BFFT technique, which is used to construct a first
class constraint system from a second-class constraint system. The basic idea behind the scheme is to
introduce additional phase space variables φnm, besides the existing physical degrees of freedom (q, p) of
the system such that all the constraints in the extended space of the system are first class. This means
that the original constraints and Hamiltonian have to modified accordingly by putting BFFT-extension
terms in them. To achieve this, we will use the results discussed in [16, 17]. Let us consider a set of
constraints (Θmn ,Λj) and an Hamiltonian operator H . We know from the Dirac’s constraint analysis
5that second-class constraint of a constrained system satisfy an open algebra. These constraints and
Hamiltonian satisfy following algebra
{Θmn (q, p),Θ
s
r(q, p)} ≈ ∆
ms
nr (q, p) 6= 0,
{Θmn (q, p),Λ
j
r(q, p)} ≈ 0,
{Λj(q, p),Λt(q, p)} ≈ 0,
{Λj(q, p), H(q, p)} ≈ 0 (26)
“ ≈ ” means that the equality holds on the constraint surface. The additional fields satisfy the symplectic
algebra,
{φnm, φ
r
s} = ω
nr
ms (27)
where ωnrms is a constant quantity and detω
nr
ms 6= 0. The constraints are now defined in terms of auxiliary
field φnm as
Θ˜mn = Θ˜
m
n (q, p;φ
n
m), (28)
This modified constraint satisfies the boundary condition
Θ˜mn (q, p; 0) = Θ
m
n (q, p), (29)
These modified constraints should satisfy first class constraints algebra. So the Poisson bracket between
the constraints are defined as
{Θ˜mn , Θ˜
s
r} = 0 (30)
The solution of eqn(30) can be achieved by considering an expansion of Θmn , as
Θ˜mn =
∞∑
k=0
Θ˜m(k)n , (31)
where Θ˜m(k) ≈ O(φk). The first order correction in the field is[16, 17]
Θ˜m(1)n = X
ms
nr (q, p)φ
r
s (32)
Putting this expression in (30) and using the boundary condition (29) as well as (26) and (27), we get
∆msnr +X
md
nc ω
ce
dfX
sf
re = 0 (33)
We notice that this equation does not give Xabij univocally, because it also contains the still unknown ω
ij
ab.
We choose ωijab in such a way that the new variables are unconstrained. The knowledge of X
ab
ij allows us
to obtain Θ˜
m(1)
n . If Θmn + Θ˜
m(1)
n is strongly involutive then series ends here or we will continue the same
process to calculate the higher order terms till we don’t get strongly involutive constraints. The explicit
expression of higher order corrections in the field Θ is
Θ˜m(k+1)n = −
1
k + 1
φcbX
bd
ceω
eg
dfB
fm(k)
gn ; k ≥ 1 (34)
where Bbamn is defined as
Bba(k)rs =
k∑
l=0
{θ˜b(k−l)r , θ˜
a(l)
s }(q,p) +
k∑
l=0
{θ˜b(k−l)r , θ˜
a(l+2)
s }(φ), k ≥ 2
Bba(1)rs = {θ˜
b(0)
r , θ˜
a(1)
s }(q,p) − {θ˜
a(0)
r , θ˜
b(1)
s }(q,p) (35)
6In the above expressions, we have defined
XabmnX
nr
bc = ω
ab
mnω
nr
bc = δ
r
mδ
a
c (36)
Another point in the Hamiltonian formalism is that any dynamic function f(q, p) (for instance, the
Hamiltonian) has also to be properly modified in order to be strongly involutive with the first-class
constraints Θ˜mn . Denoting the modified quantity by f(q, p;φ), we then have
{Θ˜mn , f˜} = 0 (37)
In addition, f˜ has also to satisfy the boundary condition,
f˜(q, p; 0) = f(q, p) (38)
To obtain f˜ an expansion analogous to (31) is considered,
f˜ =
∞∑
k=0
Θ˜m(k)n (39)
where f˜ (k) is also a term of order n in φ
′
s. The expression (37) above gives us f˜ (1)
f˜ (1) = −φanω
no
abX
bc
om(q, p){Θ˜
m
c , f}, (40)
where ωmnab and X
ab
mn are the inverses of ω
ab
mn and X
mn
ab .
The general expression for the correction in the field f reads,
f˜ (k) = −
1
k + 1
φanω
no
abX
bc
om(q, p)G(f)
m
c
(k)
, (41)
where
Gb(k)a =
k∑
l=0
{θ˜b(k−l)r , f
(l)}(q,p) +
(k−2)∑
l=0
{θ˜b(k−l)r , f
(l+2)}(φ) + {θ˜
b(k+1)
r , f
(1)}(φ) (42)
Similarly the involutive form of other variables can be obtained using the method described above. Let
the initial fields be q and p. Then their involutive form q˜ and p˜ will follow these relations.
{Θ˜, q˜} = {Θ˜, p˜} = 0 (43)
Now any function of q˜ and p˜ will also be strongly involutive, since
{Θ˜, F˜ (q˜, p˜)} = {Θ˜, q˜}
∂F˜
∂q˜
+ {Θ˜, p˜}
∂F˜
∂p˜
= 0 (44)
Thus if we take any dynamical variable in the original phase space, its involutive form can be obtained
by the replacement
F (q, p)→ F (q˜, p˜) = F˜ (q˜, p˜) (45)
It is obvious that the initial boundary condition in the BFFT process, namely, the reduction of the
involutive function to the original function when the new fields are set to zero, remains preserved.
IV. CONSTRUCTION OF THE FIRST CLASS CONSTRAINT THEORY
As all the constraints of the theory (Eqn(22))are second class, we will introduce four set of possible
fields φ1a, φ
2
a, φ
3
a, φ
4
a, one set corresponding to each set of constraint. Relation between these fields will
give us possible solution of the eqn(33). Relation between these fields will provide us possible value of
ω
ij
ab. Here we will discuss two possible solutions and will construct Hamiltonian in both the cases.
7A. Solution I
Our choice of Poisson Bracket between the fields φ1a, φ
2
a, φ
3
a, φ
4
a are
{φ1a, φ
4
b} = Iab, {φ
2
a, φ
3
a} = −Iab
{φ3a, φ
4
b} =
γab
αab2
, {φ2a, φ
4
b} =
βab
αab
{φ3a, φ
3
b} = −
ρab
αab2
, {φ4a, φ
4
b} = −
ǫab
αab2
(46)
From the above relation, matrix ωijab between the fields can be written as,
ω
ij
ab =


0 0 0 Iab
0 0 −Iab
βab
αab
0 Iab −
ρab
αab2
γab
αab2
−Iab −
βba
αab
− γba
αab2
− ǫab
αab2

 (47)
Here βba = β
T , γba = γ
T . Using the matrix ωijab and the matrix ∆
ab
ij between the constraints in the
eqn(25), we can find the possible value of matrix Xabij . The possible value of matrix X
ab
ij is
Xabij =


Iab 0 0 0
0 Iab 0 0
0 0 αab 0
0 0 0 αab

 (48)
Here Iab is an unit matrix. Now, using the matrix Xabij we can calculate the first order correction in the
constraints as
Φ
a(1)
1 = X
ab
11φ
1
b +X
ab
12φ
2
b +X
ab
13φ
3
b +X
ab
14φ
4
b = I
abφ1b
Φ
a(1)
2 = X
ab
21φ
1
b +X
ab
22φ
2
b +X
ab
23φ
3
b +X
ab
24φ
4
b = I
abφ2b
Φ
a(1)
3 = X
ab
31φ
1
b +X
ab
32φ
2
b +X
ab
33φ
3
b +X
ab
34φ
4
b = α
abφ3b
Φ
a(1)
4 = X
ab
41φ
1
b +X
ab
42φ
2
b +X
ab
43φ
3
b +X
ab
44φ
4
b = α
abφ4b (49)
So the modified constraints has the form
Φ˜a1 = Φ
a
1 + I
abφ1b , Φ˜
a
2 = Φ
a
2 + I
abφ2b
Φ˜a3 = Φ
a
3 + α
abφ3b , Φ˜
a
4 = Φ
a
4 + α
abφ4b (50)
The Poisson bracket between these modified constraints are
{Φ˜ai , Φ˜
a
j } = 0 (51)
where i, j = 1, 2, 3, 4. which shows that modified constraints are involutive. Hence we have converted the
second class constraints of the theory into first class. Now, we will construct first class Hamiltonian for
this system. Corrections in Hamiltonian due to different fields φ can be calculated as follows. First we
will calculate inverse of the matrices ωijab and X
ab
ij . The inverse matrices can be written as
ωabij =


E A B −I
C F I 0
D −I 0 0
I 0 0 0

 (52)
8where
A = α−1(Iα−1βTα−1ρ+ γT )α−1
B = −α−1βT
C = α−1(Iα−1ρα−1β − γ)α−1
D = α−1β
E = −α−1(−Iα−1βTα−1γ + βTα−1ρα−1β + γTα−1β + ǫ)α−1
F = −α−1ρα−1 (53)
and
X
ij
ab =


Iab 0 0 0
0 Iab 0 0
0 0 αab
−1 0
0 0 0 αab
−1

 (54)
First order correction in Hamiltonian due to fields φ1a, φ
2
a, φ
3
a, φ
4
a (Appendix A) can be written as
H
(1)
φ1
= −φ1a(EIΦ
a
2 +AIΦ
a
3 +Bα
−1Φa4)
H
(1)
φ2
= −φ2a(CIΦ
a
2 + FIΦ
a
3 +Dα
−1Φa4)
H
(1)
φ3
= −φ3a(DIΦ
a
2 − I · IΦ
a
3)
H
(1)
φ4
= −I · Iφ4a(Φ
a
2) (55)
Total Hamiltonian with first order correction can be written as
H˜ =
1
2
· PAP
A + V (x) − λaQ
a(x) + uaΠ
a − φ1a(EIΦ
a
2 +AIΦ
a
3 +Bα
−1Φa4)− φ
2
a(CIΦ
a
2 + FIΦ
a
3
+Dα−1Φa4)− φ
3
a(DIΦ
a
2 − I · IΦ
a
3)− I · Iφ
4
a{Φ
a
2}
=
1
2
· PAP
A + V (x) − λaQ
a(x) + uaΠ
a − φ1a{−α
−1(−Iα−1βTα−1γ + βTα−1ρα−1β + γTα−1β
+ǫ)α−1 · IΦa2 + α
−1(Iα−1βTα−1ρ+ γT )α−1 · IΦa3 − α
−1βTα−1Φa4} − φ
2
a{α
−1(Iα−1ρα−1β
−γ)α−1 · IΦa2 − α
−1ρα−1 · IΦa3 + α
−1βα−1Φa4} − φ
3
a{α
−1βIΦa2 − I · IΦ
a
3} − I · Iφ
4
a{Φ
a
2} (56)
It can be easily verified (Appendix A) that the Hamiltonian H˜ is involutive by computing it’s Poisson
bracket with modified constraints of the theory.
{H˜, Φ˜i} = 0 (57)
where i = 1, 2, 3, 4.
B. Solution II
Our choice of Poisson Bracket between the fields φ1a, φ
2
a, φ
3
a, φ
4
a are
{φ1a, φ
4
b} = αab, {φ
2
a, φ
3
b} = −αab
{φ3a, φ
4
b} = γab, {φ
2
a, φ
4
b} = βab
{φ3a, φ
3
b} = −ρab, {φ
4
a, φ
4
b} = −ǫab (58)
9From the above relation, matrix ωijab between the fields can be written as,
ω
ij
ab =


0 0 0 αab
0 0 −αab βab
0 αab −ρab γab
−αab −βba −γba −ǫab

 (59)
Using the matrix ωijab and the matrix ∆
ab
ij between the constraints in the eqn(25), we can find the
possible value of matrix Xabij . The possible value of matrix X
ab
ij is
Xabij =


Iab 0 0 0
0 Iab 0 0
0 0 Iab 0
0 0 0 Iab

 (60)
Now, using the matrix Xabij we can calculate the first order correction in the constraints as
Φa1
(1) = Xab11φ
1
b +X
ab
12φ
2
b +X
ab
13φ
3
b +X
ab
14φ
4
b = I
abφ1b
Φa2
(1) = Xab21φ
1
b +X
ab
22φ
2
b +X
ab
23φ
3
b +X
ab
24φ
4
b = I
abφ2b
Φa3
(1) = Xab31φ
1
b +X
ab
32φ
2
b +X
ab
33φ
3
b +X
ab
34φ
4
b = I
abφ3b
Φa4
(1) = Xab41φ
1
b +X
ab
42φ
2
b +X
ab
43φ
3
b +X
ab
44φ
4
b = I
abφ4b (61)
So the modified constraints has the form
Φ˜a1 = Φ
a
1 + I
abφ1b , Φ˜
a
2 = Φ
a
2 + I
abφ2b
Φ˜a3 = Φ
a
3 + I
abφ3b , Φ˜
a
4 = Φ
a
4 + I
abφ4b (62)
The Poisson bracket between these modified constraints are
{Φ˜ai , Φ˜
b
j} = 0 (63)
where i, j = 1, 2, 3, 4. which shows that modified constraints are involutive. Hence we have converted the
second class constraints of the theory into first class. Now, we will construct first class Hamiltonian for
this system. Corrections in Hamiltonian due to different fields φ can be calculated as follows. First we
will calculate inverse of the matrices ωijab and X
ab
ij . The inverse matrices can be written as
ωabij =


E′ A′ B′ −α−1
C′ F ′ α−1 0
D′ −α−1 0 0
α−1 0 0 0

 (64)
where
A′ = α−1(βTα−1ρ+ γT )α−1
B′ = −α−1βTα−1
C′ = α−1(ρα−1β − γ)α−1
D′ = α−1βα−1
E′ = −α−1(−βTα−1γ + βTα−1ρα−1β + γTα−1β + ǫ)α−1
F ′ = −α−1ρα−1 (65)
and
X
ij
ab =


Iab 0 0 0
0 Iab 0 0
0 0 Iab 0
0 0 0 Iab

 (66)
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First order correction in Hamiltonian due to fields φ1a, φ
2
a, φ
3
a, φ
4
a (Appendix A) can be written as
H
(1)
φ1a
= −φ1a(E
′IΦa2 +A
′IΦa3 +B
′α−1Φa4)
H
(1)
φ2a
= −φ2a(C
′IΦa2 + F
′IΦa3 +D
′α−1Φa4)
H
(1)
φ3a
= −φ3a(D
′IΦa2 − α
−1 · IΦa3)
H
(1)
φ4a
= −Iα−1φ4a(Φ
a
2) (67)
Total Hamiltonian with first order correction can be written as
H˜ =
1
2
· PAP
A + V (x)− λaQ
a(x) + uaΠ
a − φ1a(E
′IΦa2 +A
′IΦa3 +B
′α−1Φa4)
−φ2a(C
′IΦa2 + F
′IΦa3 +D
′α−1Φa4)− φ
3
a(D
′IΦa2 − α
−1 · IΦa3)− Iα
−1φ4a{Φ
a
2}
=
1
2
· PAP
A + V (x)− λaQ
a(x) + uaΠ
a − φ1a{−α
−1(−βTα−1γ + βTα−1ρα−1β + γTα−1β
+ǫ)α−1 · IΦa2 + α
−1(βTα−1ρ+ γT )α−1 · IΦa3 − α
−1βTα−1 · IΦa4} − φ
2
a{α
−1(ρα−1β
−γ)α−1 · IΦa2 − α
−1ρα−1 · IΦa3 + α
−1βα−1IΦa4} − φ
3
a{α
−1βα−1 · IΦa2 − α
−1 · IΦa3}
−Iα−1φ4a{Φ
a
2} (68)
It can be easily verified (Appendix A) that the Hamiltonian H˜ is involutive by computing it’s Poisson
bracket with modified constraints of the theory.
V. HAMILTONIAN BRST QUANTIZATION
A. Charge and Symmetry
To construct BRST symmetry for this system, we further extend the theory using Hamiltonian BRST
formalism also called BFV formalism [14, 15]. In the BFV formulation associated with this system, we
introduce set of pair of canonically conjugate ghost fields (Ca, P¯b) with ghost number 1 and -1 respectively,
for the set of primary constraints P aλ ≈ 0 and another set of pair of ghost fields (C¯
a, Pb) with ghost number
-1 and 1 respectively, for the set of secondary constraints, (DQa +αabΠb) ≈ 0. The effective action for a
particle on surface of the torus knot in extended phase space is then written as
Seff =
∫
dt
[
PAx˙
A +Πaθ˙
a − P(λ)aλ˙
a + ˙¯CaP
a + C˙aP¯
a −H − [QBRST,Ψ]
]
(69)
where H is defined as
H =
1
2
PAP
A + V (x) (70)
Where QBRST are BRST charge and have been constructed using the constraints of the system as
QBRST = iCa(DQ
a + αabΠb)− iPaP
a
λ (71)
The canonical brackets for all dynamical variables are written as
[xA, PB ] = δ
A
B; [Θ
a,Πb] = [λ
a, P(λ)b] = {C¯a, C˙
b} = i; {Ca,
˙¯C
b
} = −i (72)
Nilpotent BRST transformation corresponding to this action is constructed using the relation SBRSTΓ =
−[QBRST,Γ]± which is related to infinitesimal BRST transformation as δBRST = SBRSTΓδΛ. Here δΛ is
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infinitesimal BRST parameter. Here ‘−’ sign is for bosonic and ‘+’ is for fermionic variable. The BRST
transformation for the particle on a Riemann surface is,
SBRSTλ
a = P a, SBRSTQ
a = −Cbα
ba, SBRSTΘ
a = −Cbα
ba, SBRSTP¯
a = (DQa + αabΠb)
SBRSTC¯
a = P a(λ) = B
a, SBRSTP
A = SBRSTC
a = SBRSTΠ
a = SBRSTP
a
(λ) = SBRSTP
a = 0 (73)
One can easily verify that these transformations are nilpotent.
In BFV formulation the generating functional is independent of gauge fixing fermion [14, 15], hence we
have liberty to choose it in the convenient form. The linearized form of Ψ can be written as
Ψ = P¯aλ
a + C¯a(Q
a +Θa +
P a(λ)
2
) (74)
Using the expressions for Qb and Ψ, Effective action (69) is written as
Seff =
∫
dt
[
PAx˙
A +ΠaΘ˙
a − P(λ)aλ˙
a + ˙¯CaP
a + C˙aP¯
a −
1
2
PAP
A + V (x)− PaP¯
a + λa(DQ
a + αabΠb)
+P(λ)a(Q
a +Θa +
P a(λ)
2
) + 2C¯aCbα
ab
]
(75)
and the generating functional for this effective theory is represented as
ZΨ =
∫
Dϕe(iSeff ) (76)
The measure Dϕ =
∏
i dξi , where ξi are all dynamical variables of the theory. Now integrating this
generating functional over P a and P¯ a, we get
ZΨ =
∫
Dϕ′ exp
[
i
∫
dt
[
PAx˙
A +ΠaΘ˙
a − P(λ)aλ˙
a + C˙a
˙¯C
a
−
1
2
PAP
A + V (x) + λa(DQ
a + αabΠb)
−2CaC¯bα
ab + P(λ)a(Q
a +Θa +
P a(λ)
2
)
]]
(77)
where Dϕ′ is the path integral measure for effective theory when integration’s over fields P a and P¯ a are
carried out. Further integrating over P a(λ) we obtain an effective generating functional as
ZΨ =
∫
Dϕ′′ exp
[
i
∫
dt
[
PAx˙
A +ΠaΘ˙
a − P(λ)aλ˙
a + C˙a
˙¯C
a
−
1
2
PAP
A + V (x) + λa(DQ
a + αabΠb)
−2CaC¯bα
ab −
1
2
· {λ˙a − (Qa +Θa)}{λ˙a − (Qa +Θa)}
]]
(78)
where Dϕ′′ is the path integral measure corresponding to all the dynamical variables involved in the
effective action. The BRST symmetry transformation for this effective theory is written as
SBRSTλ
a = C˙a, SBRSTQ
a = −Cbα
ba, SBRSTC¯
a = −λ˙a − (Qa +Θa)
SBRSTΘ
a = −Cbα
ba, SBRSTP
A = SBRSTC
a = SBRSTΠ
a = SBRSTP
a
(λ) = 0 (79)
One of the important properties of BRST charge is, its nilpotent nature. Also its operation on the states
of Hilbert space will give us the physical subspace of the system.
QBRST = |ψ〉 = 0 (80)
which can be written as
iCa(DQ
a + αabΠb)|ψ〉 = 0, i
˙¯C
a
P a(λ)|ψ〉 = 0 (81)
This shows that the first class constraints of the system anihilates the physical subspace of the total
Hilbert sapce of the system.
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B. Quantum BRST correction and Comparison with Dirac quantization
In this subsection, we will discuss how one can calculate the quantum BRST corrections in this kind
of systems.
As we know from QFT that the principle of gauge invariance is essential in constructing a workable
quantum field theory. But it is generally not feasible to perform a perturbative calculation in a gauge
theory without first“fixing the gauge”adding terms to the Lagrangian density of the action principle
which ”break the gauge symmetry” to suppress these ”unphysical” degrees of freedom.To bring back the
symmetry of the action we will add the ghost term introduced by Faddeev and Popov. This action is
invariant under a new type of gauge symmetry called BRST symmetry. Now, the correction due to the
BRST symmetry in the system is equivalent to addition of gauge fixing and ghost term. To calculate
the quantum BRST correction in the system first we will construct the quantum BRST operator using
mode expansion of the fields[18].Then we will calculate the term [QBRST,Ψ] which will give the quantum
correction term for .
Dirthe systacem quantization of the this system has been carried out in the ref.([8]) and quantum
correction ∆V has been calculated explicitly. It has been found that correction is directly proportional
to the square of extrinsic mean curvature [8] of the manifold.
It would be interesting to draw a comparison between corrections due to BRST and Dirac quantization.
A beautiful and detailed comparison between these two quantization methods is discussed in ref([19]).
VI. CONSISTENCY WITH PREVIOUS RESULT
We can check the consistency of the results of this system in the limit of N − L = 1 [1]. In this limit,
elements of the matrix will transform as,
αab → α, βab → β, γab → γ (82)
From the asymmetry (24)
ρab → 0, ǫab → 0 (83)
The inverse matrix elements will transform under this limit as
A→ −
γ
α2
, B →
β
α2
, C →
γ
α2
, D → −
β
α2
, E, F → 0 (84)
Here E,F vanishes due to asymmetry. Under this limit the inverse matrix ωabij in the solution I, takes
the form
ωij =


0 γ
α2
− β
α
−1
γ
α2
0 1 0
β
α
−1 0 0
1 0 0 0

 (85)
also under this transformation Qa → f(x). The form of modified Hamiltonian in eqn(56) under these
transformations is
H˜ =
1
2
· PaP
a + V (x) − λf(x) + uPλ −
φ1
α2
(γΦ3 − βΦ4)−
φ2
α2
(−γΦ2 + αΦ4)
−
φ3
α
(βΦ2 − αΦ3)− φ
4(Φ2) (86)
Similary, BRST charge and BRST symmetry can be written in this limit as
QBRST = iC(Df(x) + αΠ) − iPPλ
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SBRSTλ = C˙, SBRSTf(x) = −Cα, SBRSTC¯ = −λ˙− (f(x) + Θ)
SBRSTΘ = −Cα, SBRSTP
a = SBRSTC = SBRSTΠ = SBRSTPλ = 0 (87)
These are the same constraints, Hamiltonian, BRST charge and symmetry which we have obtained in our
previous work[1]. This shows that all the results obtained here (50,56,62,68,71,79) using BFFT formalism
are consistent with the previous results [1] in the limit discussed above.
VII. L(1 ≤ L < N) DIMENSIONAL EMBEDDING IN RN : PARTICLE ON TORUS KNOT
As an example of L dimensional embedding in RN we will discuss particle on torus knot. We will
discuss all the important results developed for general system in this case.
Particle on torus knot is a one dimensional surface embedded in three dimensional space. It is a special
kind of knot that lies on the surface of un-knotted torus in R3. It is specified by a set of co-prime integers
p and q. A torus knot of type (p, q) winds p times around the rotational symmetry axis of the torus and
q times around a circle in the interior of the torus. The toroidal co-ordinate system is a suitable choice
to study this system. Toroidal co-ordinates are related to Cartesian co-ordinates (x1, x2, x3) in following
ways
x1 =
a sinh η cosφ
cosh η − cos θ
, x2 =
a sinh η sinφ
cosh η − cos θ
, x3 =
a sin θ
cosh η − cos θ
(88)
where, 0 ≤ η ≤ ∞, −π ≤ θ ≤ π and 0 ≤ φ ≤ 2π. A toroidal surface is represnted by some specific value
of η (say η0). Parameters a and η0 are written as a
2 = R2 − d2 and cosh η0 =
R
D
where R and D are
major and minor radius of torus respectively.
Lagrangian for a particle constrained to move on the surface of torus knot is
L =
1
2
ma2
η˙2 + θ˙2 + sinh η2φ˙2
(cosh η − cos θ)2
+ λ(pθ + qφ) (89)
where (r, θ, φ) are toroidal co-ordinates for toric geometry and λ is the Lagrange multiplier.
The canonical Hamiltonian corresponding to the Lagrangian in eqn(89)is then written as,
H =
(cosh η − cos θ)2
2ma2
[
p2η + p
2
θ +
p2φ
sinh2 η
]
− λ(pθ + qφ) (90)
where pη, pθ, pφ and pλ are the canonical momenta conjugate to the coordinate η, θ φ and λ respectively.
The primary constraint of the theory is
pλ ≈ 0 (91)
After inclusion of primary constraint our new Hamiltonian has the form
HT =
(cosh η − cos θ)2
2ma2
[
p2η + p
2
θ +
p2φ
sinh2 η
]
− λ(pθ + qφ) + upλ (92)
Now, using Dirac’s method of Hamiltonian analysis, we will calculate all the possible constraints of the
theory as,
p˙λ = {pλ, HT }P = (pθ + qφ) ≈ 0 (93)
p¨λ = {(pθ + qφ), HT }P =
(cosh η − cos θ)2
ma2
[
ppθ +
qpφ
sinh2 η
]
≈ 0 (94)
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p
(3)
λ = {
(cosh η − cos θ)2
ma2
[
ppθ +
qpφ
sinh2 η
]
, HT }P =
(cosh η − cos θ)2
ma2
[{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
−p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}+ λ
q2
sinh2 η
] ≈ 0 (95)
p
(4)
λ will vanish and the value of u will be determined from it. All the constraints can be written as,
Φa1 = pλ
Φa2 = Q
a = (pθ + qφ)
Φa3 = DQ
a =
(cosh η − cos θ)2
ma2
[
ppθ +
qpφ
sinh2 η
]
Φa4 = P
APB∂A∂BQ
a −∇Qa · ∇(V − λdQ
d) = D2Qa −∇Qa · ∇Φ
=
(cosh η − cos θ)2
ma2
[{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}
+λ
q2
sinh2 η
] (96)
Now, the Poisson brackets between the constraints have following values,
{Φa1 ,Φ
b
4}P = −∇Q
a · ∇Qb = −
(cosh η − cos θ)2
ma2
[p2 +
q2
sinh2 η
] ≡ −αab (97)
{Φa2 ,Φ
b
3}P = ∇Q
a · ∇Qb =
(cosh η − cos θ)2
ma2
[p2 +
q2
sinh2 η
] ≡ αab (98)
{Φa2 ,Φ
b
4}P = 2∇Q
a · (∇DQb) = 2
(cosh η − cos θ)3
m2a4
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}
+q{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}] ≡ −β
ab (99)
{Φa3 ,Φ
b
4}P = 2∇(DQ
a) · ∇(DQb)−∇Qa · ∇Φb4 = 2
(cosh η − cos θ)4
m3a6
{sinh η(ppθ +
qφ
sinh2 η
)
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
} · {ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη sin θ}
+4
(cosh η − cos θ)4
m3a6
sin θ(ppθ +
qφ
sinh2 η
){ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} − p
(cosh η − cos θ)2
ma2[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}
+λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η
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+
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+2 sin θ(ppθ +
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ +
p2φ
sinh2 η
)
]
≡ −γab (100)
{Φa3 ,Φ
b
3}P = ∇(DQ
a) · ∇Qb −∇Qa · ∇(DQb)
= {2
(coshηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
−p
(cosh ηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)} ≡ ρab (101)
{Φa4,Φ
b
4}P = 2
[
∇Φa4 · ∇(DQ
a)−∇Φb4 · ∇(DQ
a)
]
= 2
(coshηa − cos θa)
ma2
sinh ηa[{2ppθa sinh η
a
+
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}pηa
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qφa
sinh2 ηa
)pθ
(cosh ηa − cos θa)
ma2
− p
(cosh ηa − cos θa)
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap}+ λa
q2
sinh2 ηa
]
+
(cosh ηa − cos θa)2
ma2
[{2ppθa cosh η
a −
4qpφa cosh η
a
sinh2 ηa
−
2qpφa(cosh η
a − cos θa)
sinh2 ηa
+6
qpφa cosh
2 ηa(cosh ηa − cos θa)
sinh4 ηa
}pηa
(cosh ηa − cos θa)
ma2
+
pηa sinh η
a
ma2
{2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
} − 4 sin θa(
2qpφa cosh η
a
sinh3 ηa
)
(cosh ηa − cos θa)
ma2
pθa + 2 sin θ
a(ppθa
+
qpφa
sinh2 ηa
)
sinh ηa
ma2
pθ − p
sinh ηa
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap}+ 2p
(coshηa − cos θa)
ma2
{sin θa
p2φa cosh η
a
sinh3 ηa
} − 2λa
q2 cosh ηa
sinh3 ηa
] · 2
(cosh ηb − cos θb)3
m2a4
{ppθb sinh η
b +
qpφb
sinh ηb
−
qpφb cosh η
b(cosh ηb − cos θb)
sinh3 η
− ppηb sin θ
b} − 2
(cosh ηa − cos θa)3
m2a4
{ppθa sinh η
a +
qpφa
sinh ηa
−
qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
− ppηa sin θ
a} · 2
(cosh ηb − cos θb)
ma2
sinh ηb[{2ppθb sinh η
b
+
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}pηb
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qφb
sinh2 ηb
)pθb
(cosh ηb − cos θb)
ma2
− p
(cosh ηb − cos θb)
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ λb
q2
sinh2 ηb
]
+
(cosh ηb − cos θb)2
ma2
[{2ppθb cosh η
b −
4qpφb cosh η
b
sinh2 ηb
−
2qpφb(cosh η
b − cos θb)
sinh2 ηb
+6
qpφb cosh
2 ηb(cosh ηb − cos θb)
sinh4 ηb
}pηb
(cosh ηb − cos θb)
ma2
+
pηb sinh η
b
ma2
{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
} − 4 sin θb(
2qpφb cosh η
b
sinh3 ηb
)
(cosh ηb − cos θb)
ma2
pθb + 2 sin θ
b(ppθb
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+
qpφb
sinh2 ηb
)
sinh ηb
ma2
pθb − p
sinh ηb
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ 2p
(cosh ηb − cos θb)
ma2
{sin θ
p2
φb
cosh ηb
sinh3 ηb
} − 2λb
q2 cosh ηb
sinh3 ηb
] + [2 sin θa
(cosh ηa − cos θa)
ma2
· {{2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}pηa
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qφa
sinh2 ηa
)pθa
(cosh ηa − cos θa)
ma2
− p
(cosh ηa − cos θa)
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap}+ λa
q2
sinh2 ηa
}
+
(cosh ηa − cos θa)2
ma2
{−2q sin θapφa
cosh ηa
sinh3 ηa
· pηa
(cosh ηa − cos θa)
ma2
}+ {2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}
pηa sin θ
a
ma2
+ 2pθa cos θ
a(ppθa +
qpφa
sinh2 ηa
)
(cosh ηa − cos θa)
ma2
+2 sin θa(ppθa +
qpφa
sinh2 ηa
)
pθa sin θ
a
ma2
−
pθa sin θ
a
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap} − p cos θa
(cosh ηa − cos θa)
ma2
(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)
]
· 2
(cosh ηb − cos θb)3
m2a4
{ppηb sinh η
b + ppθb +
qpφb sin θ
b
sinh2 ηb
}
−2
(coshηa − cos θa)3
m2a4
{ppηa sinh η
a + ppθa +
qpφa sin θ
a
sinh2 ηa
} ·
[
2 sin θb
(cosh ηb − cos θb)
ma2
· {{2ppθb
sinh ηb +
2qpbφ
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}pbη
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qφb
sinh2 ηb
)
pbθ
(cosh ηb − cos θb)
ma2
− p
(cosh ηb − cos θb)
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ λb
q2
sinh2 ηb
}
+
(cosh ηb − cos θb)2
ma2
{−2q sin θbpφb
cosh ηb
sinh3 ηb
· pηb
(cosh ηb − cos θb)
ma2
}+ {2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}
pηb sin θ
b
ma2
+ 2pθb cos θ
b(ppθb +
qpφb
sinh2 ηb
)
(cosh ηb − cos θb)
ma2
+2 sin θb(ppθb +
qpφb
sinh2 ηb
)
pθb sin θ
b
ma2
−
pθb sin θ
b
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}
−p cos θb
(cosh ηb − cos θb)
ma2
(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)
]
≡ ǫab (102)
Thus the matrix ∆abij between the constraints has the form
∆abij = {Φ
a
i ,Φ
b
j}P =


0 0 0 −αab
0 0 αab −βab
0 −αab ρab −γab
αab βba γba ǫab

 (103)
As all the constraints of the theory (Eqn(96))are second class, we will introduce four possible fields
ϑ1a, ϑ
2
a, ϑ
3
a, ϑ
4
a corresponding to each constraint. Relation between these fields will give us possible solution
of the eqn(32). Relation between these fields will provide us possible value of ωijab. Our choice of Poisson
Bracket between the fields ϑ1a, ϑ
2
a, ϑ
3
a, ϑ
4
a are
{ϑ1a, ϑ
4
b} = Iab, {ϑ
2
a, ϑ
3
b} = −Iab
{ϑ3a, ϑ
4
b} =
γab
α2
, {ϑ2a, ϑ
4
b} =
βab
α
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{ϑ3a, ϑ
3
b} = −
ρab
α2
, {ϑ4a, ϑ
4
b} = −
ǫab
α2
(104)
From the above relation, matrix ωijab between the fields can be written as,
ω
ij
ab =


0 0 0 Iab
0 0 −Iab
βab
αab
0 Iab −
ρab
α2
γab
α2
−Iab −
βba
αab
− γ
ba
α2
− ǫab
α2

 (105)
Using the matrix ωijab and the matrix ∆
ab
ij between the constraints in the eqn(25), we can find the possible
value of matrix Xabij . The possible value of matrix X
ab
ij is
Xabij =


Iab 0 0 0
0 Iab 0 0
0 0 (cosh η−cos θ)
2
ma2
[p2 + q
2
sinh2 η
] 0
0 0 0 (cosh η−cos θ)
2
ma2
[p2 + q
2
sinh2 η
]

 (106)
Now, using the matrix Xabij we can calculate the first order correction in the constraints as
Φ
a(1)
1 = I
abϑ1b , Φ
a(1)
2 = I
abϑ2b
Φ
a(1)
3 = α
abϑ3b , Φ
a(1)
4 = α
abϑ4b (107)
So the modified constraints has the form
Φ˜a1 = Φ
a
1 + I
abϑ1b = Φ
a
1 + ϑ
1, Φ˜a2 = Φ
a
2 + I
abϑ2b = Φ
a
2 + ϑ
2
Φ˜a3 = Φ
a
3 + α
abϑ3b = Φ
a
3 +
(cosh η − cos θ)2
ma2
[p2 +
q2
sinh2 η
]ϑ3
Φ˜a4 = Φ
a
4 + α
abφ4b = Φ
a
4 +
(cosh η − cos θ)2
ma2
[p2 +
q2
sinh2 η
]ϑ4 (108)
The Poisson bracket between these modified constraints are
{Φ˜ai , Φ˜
b
j} = 0 (109)
where i, j = 1, 2, 3, 4. which shows that modified constraints are involutive. Hence we have converted
the second class constraints of the theory into first class constraints. Now, we will construct first class
Hamiltonian for this system. Corrections in Hamiltonian due to different fields η can be calculated as
follows. First we will calculate inverse of the matrices ωijab and X
ab
ij . The inverse matrix of ω
ij
ab can be
written using eqn(52)as
ωabij =


E A B −I
C F I 0
D −I 0 0
I 0 0 0

 (110)
The matrix elements A,B,C,D,E for this system can be written using eqn(53) as
A = α−1(Iα−1βTα−1ρ+ γT )α−1
=
ma2 sinh2 η
(cosh η − cos θ)2(−p2 sinh2 η + q2)
(
sinh2 η
(p2 sinh2 η + q2)
(cosh η − cos θ)
ma2
[{ppη sinh η
+sin θ(ppθ +
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q]
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ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
−p
(coshηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)} − 2
(cosh η − cos θ)4
m3a6
{ppθ sinh η
+
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη sin θ} · {sinh η(ppθ +
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
}
+
[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}
+λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ
+
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ
+
p2φ
sinh2 η
)
]
· p
(cosh η − cos θ)2
ma2
− 4
(cosh η − cos θ)4
m3a6
{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} · sin θ
(ppθ +
qφ
sinh2 η
))
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(111)
B = −α−1βT =
sinh2 η
(p2 sinh2 η + q2)
·
(cosh η − cos θ)
ma2
[{ppη sinh η + sin θ(ppθ
+
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1 −
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q] (112)
c = α−1(Iα−1ρα−1β − γ)α−1 =
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(−
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
− p
(cosh ηa − cos θa)2
ma2
·2
(cosh ηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)}
sinh2 η
(p2 sinh2 η + q2)
· 2
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ
(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
+ 2
(cosh η − cos θ)4
m3a6
{sinh η(ppθ +
qφ
sinh2 η
)
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
} · {ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη sin θ}
+4
(coshη − cos θ)4
m3a6
sin θ(ppθ +
qφ
sinh2 η
){ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} − p
(cosh η − cos θ)2
ma2[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}
+λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
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−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ
+
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ
+
p2φ
sinh2 η
)
]
) +
sin θ
sinh2 η
(qpθ − ppφ)}])
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(113)
D = α−1β = −
sinh2 η
(p2 sinh2 η + q2)
· 2
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ
(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}] (114)
E = −α−1(−Iα−1βTα−1γ + βTα−1ρα−1β + γTα−1β + ǫ)α−1
= −
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(−
sinh2 η
(p2 sinh2 η + q2)
(cosh η − cos θ)
ma2
[{ppη sinh η + sin θ
(ppθ +
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1 −
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q]
sinh2 η
(p2 sinh2 η + q2)
·2
(cosh η − cos θ)2
m2a4
{sinh η(ppθ +
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
} · {ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη sin θ}+ 4
(cosh η − cos θ)4
m3a6
sin θ(ppθ +
qφ
sinh2 η
){ppη sinh η
+sin θ(ppθ +
qφ
sinh2 η
)} − p
(cosh η − cos θ)2
ma2
[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
−p
(coshη − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}+ λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η
+p2θ +
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ +
p2φ
sinh2 η
)
]
+
(cosh η − cos θ)3
m2a4
[{ppη
sinh η + sin θ(ppθ +
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q]
·
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
−p
(coshηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)}
−2 sinh2 η
(p2 sinh2 η + q2)
·
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1 −
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}]− 2
(cosh η − cos θ)4
m3a6
{ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
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−ppη sin θ} · {sinh η(ppθ +
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
}+
[
2 sin θ
(cosh η − cos θ)
ma2
·{{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp} + λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ
+
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ +
p2φ
sinh2 η
)
]
· p
(cosh η − cos θ)2
ma2
− 4
(cosh η − cos θ)4
m3a6
{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} · sin θ(ppθ +
qφ
sinh2 η
)
−2 sinh2 η
(p2 sinh2 η + q2)
·
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1 −
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}]
+2
(coshηa − cos θa)
ma2
sinh ηa[{2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}pηa
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qφa
sinh2 ηa
)pθ
(cosh ηa − cos θa)
ma2
− p
(cosh ηa − cos θa)
ma2
{sin θa(p2ηa
+p2θa +
p2φa
sinh2 ηa
)− λap}+ λa
q2
sinh2 ηa
] +
(cosh ηa − cos θa)2
ma2
[{2ppθa cosh η
a −
4qpφa cosh η
a
sinh2 ηa
−
2qpφa(cosh η
a − cos θa)
sinh2 ηa
+ 6
qpφa cosh
2 ηa(cosh ηa − cos θa)
sinh4 ηa
}pηa
(cosh ηa − cos θa)
ma2
+
pηa sinh η
a
ma2
{2ppθa
sinh ηa +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
} − 4 sin θa(
2qpφa cosh η
a
sinh3 ηa
)
(cosh ηa − cos θa)
ma2
pθa
+2 sin θa(ppθa +
qpφa
sinh2 ηa
)
sinh ηa
ma2
pθ − p
sinh ηa
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap}+ 2p
(cosh ηa − cos θa)
ma2
{sin θa
p2φa cosh η
a
sinh3 ηa
} − 2λa
q2 cosh ηa
sinh3 ηa
] · 2
(cosh ηb − cos θb)3
m2a4
{ppθb sinh η
b +
qpφb
sinh ηb
−
qpφb cosh η
b(cosh ηb − cos θb)
sinh3 η
− ppηb sin θ
b} − 2
(cosh ηa − cos θa)3
m2a4
{ppθa sinh η
a +
qpφa
sinh ηa
−
qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
− ppηa sin θ
a} · 2
(cosh ηb − cos θb)
ma2
sinh ηb[{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}pηb
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qφb
sinh2 ηb
)pθb
(cosh ηb − cos θb)
ma2
−p
(coshηb − cos θb)
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ λb
q2
sinh2 ηb
] +
(cosh ηb − cos θb)2
ma2
[{2ppθb cosh η
b −
4qpφb cosh η
b
sinh2 ηb
−
2qpφb(cosh η
b − cos θb)
sinh2 ηb
+ 6
qpφb cosh
2 ηb(cosh ηb − cos θb)
sinh4 ηb
}pηb
(cosh ηb − cos θb)
ma2
+
pηb sinh η
b
ma2
{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}
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−4 sin θb(
2qpφb cosh η
b
sinh3 ηb
)
(cosh ηb − cos θb)
ma2
pθb + 2 sin θ
b(ppθb +
qpφb
sinh2 ηb
)
sinh ηb
ma2
pθb − p
sinh ηb
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ 2p
(cosh ηb − cos θb)
ma2
{sin θ
p2
φb
cosh ηb
sinh3 ηb
} − 2λb
q2 cosh ηb
sinh3 ηb
]
+[2 sin θa
(cosh ηa − cos θa)
ma2
· {{2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}pηa
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qφa
sinh2 ηa
)pθa
(cosh ηa − cos θa)
ma2
− p
(cosh ηa − cos θa)
ma2
{sin θa
(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap}+ λa
q2
sinh2 ηa
}+
(cosh ηa − cos θa)2
ma2
{−2q sin θapφa
cosh ηa
sinh3 ηa
· pηa
(cosh ηa − cos θa)
ma2
}+ {2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}
pηa sin θ
a
ma2
+2pθa cos θ
a(ppθa +
qpφa
sinh2 ηa
)
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qpφa
sinh2 ηa
)
pθa sin θ
a
ma2
−
pθa sin θ
a
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap} − p cos θa
(cosh ηa − cos θa)
ma2
(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)
]
·2
(cosh ηb − cos θb)3
m2a4
{ppηb sinh η
b + ppθb +
qpφb sin θ
b
sinh2 ηb
} − 2
(cosh ηa − cos θa)3
m2a4
{ppηa sinh η
a
+ppθa +
qpφa sin θ
a
sinh2 ηa
} ·
[
2 sin θb
(cosh ηb − cos θb)
ma2
· {{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}pηb
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qφb
sinh2 ηb
)pθb
(cosh ηb − cos θb)
ma2
−p
(coshηb − cos θb)
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ λb
q2
sinh2 ηb
}+
(cosh ηb − cos θb)2
ma2
{−2q
sin θbpφb
cosh ηb
sinh3 ηb
· pηb
(cosh ηb − cos θb)
ma2
}+ {2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}
pηb sin θ
b
ma2
+ 2pθb cos θ
b(ppθb +
qpφb
sinh2 ηb
)
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qpφb
sinh2 ηb
)
pθb sin θ
b
ma2
−
pθb sin θ
b
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp} − p cos θb
(cosh ηb − cos θb)
ma2
(p2ηb + p
2
θb
+
p2
φb
sinh2 ηb
)
]
)
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(115)
and
F = −α−1ρα−1 = −
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
)
·p′
(cosh ηb − cos θb)2
ma2
− p
(cosh ηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)}
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(116)
Here βT = βba = {Φa4,Φ
b
2} and γ
T = γba = {Φa4 ,Φ
b
3}. Similarly, using the eqn(54), we can obtain the
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inverse of the matrix Xabij as
X
ij
ab =


Iab 0 0 0
0 Iab 0 0
0 0 ma
2 sinh2 η
(cosh η−cos θ)2(p2 sinh2 η+q2)
0
0 0 0 ma
2 sinh2 η
(cosh η−cos θ)2(p2 sinh2 η+q2)

 (117)
Where Iab is an unit matrix. Now, using the result obtained in eqn(55), first order correction in Hamil-
tonian due to fields ϑ1a, ϑ
2
a, ϑ
3
a, ϑ
4
a (Appendix A) can be written as
H
(1)
ϑ1
= −ϑ1a(EIΦ
a
2 +AIΦ
a
3 +Bα
−1Φa4) = −ϑ
1
a(−
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(−
sinh2 η
(p2 sinh2 η + q2)
(cosh η − cos θ)
ma2
[{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q]
sinh2 η
(p2 sinh2 η + q2)
· 2
(cosh η − cos θ)2
m2a4
{sinh η(ppθ +
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
}
·{ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη sin θ}+ 4
(cosh η − cos θ)4
m3a6
sin θ(ppθ +
qφ
sinh2 η
)
{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} − p
(cosh η − cos θ)2
ma2
[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
−p
(coshη − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}+ λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
·pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ
(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}
−p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ +
p2φ
sinh2 η
)
]
+
(cosh η − cos θ)3
m2a4
[{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}p
+{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q] ·
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
− p
(cosh ηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)}
−2 sinh2 η
(p2 sinh2 η + q2)
·
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}
+q{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}]− 2
(cosh η − cos θ)4
m3a6
{ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη sin θ} · {sinh η(ppθ +
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
}
+
[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}}
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+λ
q2
sinh2 η
+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ
+
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ
+
p2φ
sinh2 η
)
]
· p
(cosh η − cos θ)2
ma2
− 4
(cosh η − cos θ)4
m3a6
{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} · sin θ(ppθ
+
qφ
sinh2 η
)
−2 sinh2 η
(p2 sinh2 η + q2)
·
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1
−
coshη(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}] + 2
(cosh ηa − cos θa)
ma2
sinh ηa[{2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}paη
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qφa
sinh2 ηa
)pθ
(cosh ηa − cos θa)
ma2
−p
(coshηa − cos θa)
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap}+ λa
q2
sinh2 ηa
] +
(cosh ηa − cos θa)2
ma2
[{2ppθa
cosh ηa −
4qpφa cosh η
a
sinh2 ηa
−
2qpφa(cosh η
a − cos θa)
sinh2 ηa
+ 6
qpφa cosh
2 ηa(cosh ηa − cos θa)
sinh4 ηa
}pηa
(cosh ηa − cos θa)
ma2
+
pηa sinh η
a
ma2
{2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
} − 4 sin θa(
2qpφa cosh η
a
sinh3 ηa
)
(cosh ηa − cos θa)
ma2
pθa + 2 sin θ
a(ppθa +
qpφa
sinh2 ηa
)
sinh ηa
ma2
pθ − p
sinh ηa
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)
−λap}+ 2p
(coshηa − cos θa)
ma2
{sin θa
p2φa cosh η
a
sinh3 ηa
} − 2λa
q2 cosh ηa
sinh3 ηa
] · 2
(cosh ηb − cos θb)3
m2a4
{ppθb sinh η
b
+
qpφb
sinh ηb
−
qpφb cosh η
b(cosh ηb − cos θb)
sinh3 η
− ppηb sin θ
b} − 2
(cosh ηa − cos θa)3
m2a4
{ppθa sinh η
a +
qpφa
sinh ηa
−
qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
− ppηa sin θ
a} · 2
(cosh ηb − cos θb)
ma2
sinh ηb[{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}pηb
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qφb
sinh2 ηb
)pθb
(cosh ηb − cos θb)
ma2
−p
(coshηb − cos θb)
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ λb
q2
sinh2 ηb
] +
(cosh ηb − cos θb)2
ma2
[{2ppθb
cosh ηb −
4qpφb cosh η
b
sinh2 ηb
−
2qpφb(cosh η
b − cos θb)
sinh2 ηb
+ 6
qpφb cosh
2 ηb(cosh ηb − cos θb)
sinh4 ηb
}pηb
(cosh ηb − cos θb)
ma2
+
pηb sinh η
b
ma2
{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
} − 4 sin θb(
2qpφb cosh η
b
sinh3 ηb
)
(cosh ηb − cos θb)
ma2
pθb + 2 sin θ
b(ppθb +
qpφb
sinh2 ηb
)
sinh ηb
ma2
pθb − p
sinh ηb
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)
−λbp}+ 2p
(coshηb − cos θb)
ma2
{sin θ
p2
φb cosh ηb
sinh3 ηb
} − 2λb
q2 cosh ηb
sinh3 ηb
] + [2 sin θa
(cosh ηa − cos θa)
ma2
· {{2ppθa
sinh ηa +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}pηa
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qφa
sinh2 ηa
)
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pθa
(cosh ηa − cos θa)
ma2
− p
(cosh ηa − cos θa)
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap}+ λa
q2
sinh2 ηa
}
+
(cosh ηa − cos θa)2
ma2
{−2q sin θapφa
cosh ηa
sinh3 ηa
· pηa
(cosh ηa − cos θa)
ma2
}+ {2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}
pηa sin θ
a
ma2
+ 2pθa cos θ
a(ppθa +
qpφa
sinh2 ηa
)
(cosh ηa − cos θa)
ma2
+ 2 sin θa
(ppθa +
qpφa
sinh2 ηa
)
pθa sin θ
a
ma2
−
pθa sin θ
a
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap} − p cos θa
(cosh ηa − cos θa)
ma2
(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)
]
· 2
(cosh ηb − cos θb)3
m2a4
{ppηb sinh η
b + ppθb +
qpφb sin θ
b
sinh2 ηb
} − 2
(cosh ηa − cos θa)3
m2a4
{ppηa sinh η
a + ppθa +
qpφa sin θ
a
sinh2 ηa
} ·
[
2 sin θb
(cosh ηb − cos θb)
ma2
· {{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}pηb
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qφb
sinh2 ηb
)pθb
(cosh ηb − cos θb)
ma2
−p
(coshηb − cos θb)
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ λb
q2
sinh2 ηb
}+
(cosh ηb − cos θb)2
ma2
{−2q sin θbpφb
cosh ηb
sinh3 ηb
· pηb
(cosh ηb − cos θb)
ma2
}+ {2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}
pηb sin θ
b
ma2
+ 2pθb cos θ
b(ppθb +
qpφb
sinh2 ηb
)
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qpφb
sinh2 ηb
)
pθb sin θ
b
ma2
−
pθb sin θ
b
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp} − p cos θb
(cosh ηb − cos θb)
ma2
(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)
]
)
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
I(pθ + qφ) +
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(
sinh2 η
(p2 sinh2 η + q2)
(cosh η − cos θ)
ma2
[{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q]
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
−p
(coshηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)} − 2
(cosh η − cos θ)4
m3a6
{ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη sin θ} · {sinh η(ppθ +
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
}
+
[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}
+λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ
+
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ +
p2φ
sinh2 η
)
]
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·p
(cosh η − cos θ)2
ma2
− 4
(cosh η − cos θ)4
m3a6
{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} · sin θ(ppθ +
qφ
sinh2 η
))
sinh2 η
(p2 sinh2 η + q2)
I
[
ppθ +
qpφ
sinh2 η
]
+
sinh2 η
(p2 sinh2 η + q2)
·
(cosh η − cos θ)
ma2
[{ppη sinh η + sin θ(ppθ
+
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q]
sinh2 η
(p2 sinh2 η + q2)
[{2ppθ
sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp} + λ
q2
sinh2 η
]) (118)
H
(1)
ϑ2
= −ϑ2a(CIΦ
a
2 + FIΦ
a
3 +Dα
−1Φa4) = −ϑ
2
a(
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(−
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
−p
(coshηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)}
sinh2 η
(p2 sinh2 η + q2)
· 2
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1 −
cosh η(cosh η − cos θ)
sinh2 η
+ 2
(cosh η − cos θ)4
m3a6
{sinh η(ppθ +
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
} · {ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
−ppη sin θ}+ 4
(cosh η − cos θ)4
m3a6
sin θ(ppθ +
qφ
sinh2 η
){ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} − p
(cosh η − cos θ)2
ma2
[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ
+
p2φ
sinh2 η
)− λp} + λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ
sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+2 sin θ(ppθ +
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ +
p2φ
sinh2 η
)
]
) +
sin θ
sinh2 η
(qpθ − ppφ)}])
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
I(pθ + qφ)
−
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppaθ +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
−p
(coshηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pbθ +
q′φb
sinh2 ηb
)}
sinh2 η
(p2 sinh2 η + q2)
I
[
ppθ +
qpφ
sinh2 η
]
−
sinh2 η
(p2 sinh2 η + q2)
· 2
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}]
sinh2 η
(p2 sinh2 η + q2)
[{2ppθ sinh η +
2qpφ
sinh η
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−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
−p
(coshη − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}+ λ
q2
sinh2 η
]) (119)
H
(1)
ϑ3
= −ϑ3a(DIΦ
a
2 − I · IΦ
a
3) = −ϑ
3
a(−
sinh2 η
(p2 sinh2 η + q2)
· 2
(cosh η − cos θ)
ma2
[p{ppη sinh η
+sin θ(ppθ +
qφ
sinh2 η
)} + q{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}]
I(pθ + qφ)− I · I
(cosh η − cos θ)2
ma2
[
ppθ +
qpφ
sinh2 η
]
) (120)
H
(1)
ϑ4
= −I · Iϑ4a(Φ
a
2) = −I · Iϑ
4
a(pθ + qφ) (121)
Putting these corrections in the general expression (56) will give us the modified Hamiltonian for
particle on torus knot system. The total Hamiltonian with first order correction for particle on torus
knot can be written as
H˜ = HT +H
(1)
ϑ1
+H
(1)
ϑ2
+H
(1)
ϑ3
+H
(1)
ϑ4
=
(cosh η − cos θ)2
2ma2
[
p2η + p
2
θ +
p2φ
sinh2 η
]
− λ(pθ + qφ) + upλ − ϑ
1
a(−
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(−
sinh2 η
(p2 sinh2 η + q2)
(cosh η − cos θ)
ma2
[{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1
−
coshη(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q]
sinh2 η
(p2 sinh2 η + q2)
· 2
(cosh η − cos θ)2
m2a4
{sinh η(ppθ
+
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
} · {ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη sin θ}
+4
(coshη − cos θ)4
m3a6
sin θ(ppθ +
qφ
sinh2 η
){ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} − p
(cosh η − cos θ)2
ma2[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}
+λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ
+
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ
+
p2φ
sinh2 η
)
]
+
(cosh η − cos θ)3
m2a4
[{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1 −
cosh η(cosh η − cos θ)
sinh2 η
)
+
sin θ
sinh2 η
(qpθ − ppφ)}q] ·
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(cosh ηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
)
·p′
(cosh ηb − cos θb)2
ma2
− p
(cosh ηa − cos θa)2
ma2
· 2
(coshηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)}
−2 sinh2 η
(p2 sinh2 η + q2)
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·
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
)
+
sin θ
sinh2 η
(qpθ − ppφ)}]− 2
(coshη − cos θ)4
m3a6
{ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη
sin θ} · {sinh η(ppθ +
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
}+
[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η
+
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
−p
(coshη − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}+ λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
·pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ(ppθ
+
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}
−p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ +
p2φ
sinh2 η
)
]
· p
(cosh η − cos θ)2
ma2
− 4
(coshη − cos θ)4
m3a6
{ppη sinh η
+sin θ(ppθ +
qφ
sinh2 η
)} · sin θ(ppθ +
qφ
sinh2 η
)
−2 sinh2 η
(p2 sinh2 η + q2)
·
(cosh η − cos θ)
ma2
[p{ppη sinh η
+sin θ(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}] + 2
(cosh ηa − cos θa)
ma2
sinh ηa[{2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}paη
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qφa
sinh2 ηa
)pθ
(cosh ηa − cos θa)
ma2
− p
(cosh ηa − cos θa)
ma2
{sin θa(p2ηa
+p2θa +
p2φa
sinh2 ηa
)− λap}+ λa
q2
sinh2 ηa
] +
(cosh ηa − cos θa)2
ma2
[{2ppθa cosh η
a −
4qpφa cosh η
a
sinh2 ηa
−
2qpaφ(cosh η
a − cos θa)
sinh2 ηa
+ 6
qpφa cosh
2 ηa(cosh ηa − cos θa)
sinh4 ηa
}pηa
(cosh ηa − cos θa)
ma2
+
pηa sinh η
a
ma2
{2ppθa
sinh ηa +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
} − 4 sin θa(
2qpφa cosh η
a
sinh3 ηa
)
(cosh ηa − cos θa)
ma2
pθa
+2 sin θa(ppθa +
qpφa
sinh2 ηa
)
sinh ηa
ma2
pθ − p
sinh ηa
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap}+ 2p
(cosh ηa − cos θa)
ma2
{sin θa
p2φa cosh η
a
sinh3 ηa
} − 2λa
q2 cosh ηa
sinh3 ηa
] · 2
(cosh ηb − cos θb)3
m2a4
{ppθb sinh η
b
+
qpbφ
sinh ηb
−
qpφb cosh η
b(cosh ηb − cos θb)
sinh3 η
− ppηb sin θ
b} − 2
(cosh ηa − cos θa)3
m2a4
{ppθa sinh η
a +
qpφa
sinh ηa
−
qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
− ppηa sin θ
a} · 2
(cosh ηb − cos θb)
ma2
sinh ηb[{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}pηb
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qφb
sinh2 ηb
)pθb
(cosh ηb − cos θb)
ma2
−p
(coshηb − cos θb)
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ λb
q2
sinh2 ηb
] +
(cosh ηb − cos θb)2
ma2
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[{2ppθb cosh η
b −
4qpφb cosh η
b
sinh2 ηb
−
2qpφb(cosh η
b − cos θb)
sinh2 ηb
+ 6
qpφb cosh
2 ηb(cosh ηb − cos θb)
sinh4 ηb
}pηb
(cosh ηb − cos θb)
ma2
+
pηb sinh η
b
ma2
{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}
−4 sin θb(
2qpφb cosh η
b
sinh3 ηb
)
(cosh ηb − cos θb)
ma2
pθb + 2 sin θ
b(ppθb +
qpφb
sinh2 ηb
)
sinh ηb
ma2
pθb − p
sinh ηb
ma2
{sin θb(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)− λbp}+ 2p
(cosh ηb − cos θb)
ma2
{sin θ
p2
φb
cosh ηb
sinh3 ηb
} − 2λb
q2 cosh ηb
sinh3 ηb
]
+[2 sin θa
(cosh ηa − cos θa)
ma2
· {{2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}pηa
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qφa
sinh2 ηa
)pθa
(cosh ηa − cos θa)
ma2
− p
(cosh ηa − cos θa)
ma2
{sin θa
(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap}+ λa
q2
sinh2 ηa
}+
(cosh ηa − cos θa)2
ma2
{−2q sin θapφa
cosh ηa
sinh3 ηa
· pηa
(cosh ηa − cos θa)
ma2
}+ {2ppθa sinh η
a +
2qpφa
sinh ηa
−
2qpφa cosh η
a(cosh ηa − cos θa)
sinh3 ηa
}
pηa sin θ
a
ma2
+2pθa cos θ
a(ppθa +
qpφa
sinh2 ηa
)
(cosh ηa − cos θa)
ma2
+ 2 sin θa(ppθa +
qpφa
sinh2 ηa
)
pθa sin θ
a
ma2
−
pθa sin θ
a
ma2
{sin θa(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)− λap} − p cos θa
(cosh ηa − cos θa)
ma2
(p2ηa + p
2
θa +
p2φa
sinh2 ηa
)
]
·2
(cosh ηb − cos θb)3
m2a4
{ppηb sinh η
b + ppθb +
qpφb sin θ
b
sinh2 ηb
} − 2
(cosh ηa − cos θa)3
m2a4
{ppηa sinh η
a + ppθa
+
qpφa sin θ
a
sinh2 ηa
} ·
[
2 sin θb
(cosh ηb − cos θb)
ma2
· {{2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}
pηb
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qφb
sinh2 ηb
)pbθ
(cosh ηb − cos θb)
ma2
− p
(cosh ηb − cos θb)
ma2
{sin θb(p2ηb
+p2θb +
p2
φb
sinh2 ηb
)− λbp}+ λb
q2
sinh2 ηb
}+
(cosh ηb − cos θb)2
ma2
{−2q sin θbpφb
cosh ηb
sinh3 ηb
· pηb
(cosh ηb − cos θb)
ma2
}+ {2ppθb sinh η
b +
2qpφb
sinh ηb
−
2qpφb cosh η
b(cosh ηb − cos θb)
sinh3 ηb
}
pηb sin θ
b
ma2
+ 2pθb
cos θb(ppθb +
qpφb
sinh2 ηb
)
(cosh ηb − cos θb)
ma2
+ 2 sin θb(ppθb +
qpφb
sinh2 ηb
)
pθb sin θ
b
ma2
−
pθb sin θ
b
ma2
{sin θb(p2ηb
+p2θb +
p2
φb
sinh2 ηb
)− λbp} − p cos θb
(cosh ηb − cos θb)
ma2
(p2ηb + p
2
θb +
p2
φb
sinh2 ηb
)
]
)
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
I(pθ + qφ) +
ma2 sinh2 η
(cosh η − cos θ)2(−p2 sinh2 η + q2)
(
sinh2 η
(p2 sinh2 η + q2)
(cosh η − cos θ)
ma2
[{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}p+ {
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
)
+
sin θ
sinh2 η
(qpθ − ppφ)}q]
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(cosh ηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
)
·p′
(cosh ηb − cos θb)2
ma2
− p
(cosh ηa − cos θa)2
ma2
· 2
(coshηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)} − 2
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(cosh η − cos θ)4
m3a6
{ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
− ppη sin θ} · {sinh η(ppθ
+
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
}+
[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
−p
(coshη − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}+ λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}+ {2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+2pθ cos θ(ppθ +
qpφ
sinh2 η
)
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η
+p2θ +
p2φ
sinh2 η
)− λp} − p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ +
p2φ
sinh2 η
)
]
· p
(cosh η − cos θ)2
ma2
−4
(coshη − cos θ)4
m3a6
{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} · sin θ(ppθ +
qφ
sinh2 η
))
sinh2 η
(p2 sinh2 η + q2)
I
[
ppθ +
qpφ
sinh2 η
]
+
sinh2 η
(p2 sinh2 η + q2)
·
(cosh η − cos θ)
ma2
[{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}p
+{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}q]
sinh2 η
(p2 sinh2 η + q2)
[{2ppθ sinh η
+
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
−p
(coshη − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}+ λ
q2
sinh2 η
])− ϑ2a(
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
(−
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppθa +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
−p
(coshηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pθb +
q′φb
sinh2 ηb
)}
sinh2 η
(p2 sinh2 η + q2)
· 2
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1 −
cosh η(cosh η − cos θ)
sinh2 η
+ 2
(cosh η − cos θ)4
m3a6
{sinh η(ppθ +
qφ
sinh2 η
)−
qpφ cosh η(cosh η − cos θ)
sinh3 η
} · {ppθ sinh η +
qpφ
sinh η
−
qpφ cosh η(cosh η − cos θ)
sinh3 η
−ppη sin θ}+ 4
(cosh η − cos θ)4
m3a6
sin θ(ppθ +
qφ
sinh2 η
){ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)} − p
(cosh η − cos θ)2
ma2
[
2 sin θ
(cosh η − cos θ)
ma2
· {{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
− p
(cosh η − cos θ)
ma2
{sin θ(p2η + p
2
θ
+
p2φ
sinh2 η
)− λp}+ λ
q2
sinh2 η
}+
(cosh η − cos θ)2
ma2
{−2q sin θpφ
cosh η
sinh3 η
· pη
(cosh η − cos θ)
ma2
}
+{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}
pη sin θ
ma2
+ 2pθ cos θ(ppθ +
qpφ
sinh2 η
)
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(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qpφ
sinh2 η
)
pθ sin θ
ma2
−
pθ sin θ
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}
−p cos θ
(cosh η − cos θ)
ma2
(p2η + p
2
θ +
p2φ
sinh2 η
)
]
) +
sin θ
sinh2 η
(qpθ − ppφ)}])
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
I(pθ + qφ) −
ma2 sinh2 η
(cosh η − cos θ)2(p2 sinh2 η + q2)
{2
(coshηa − cos θa)
ma2
(ppaθ +
qφa
sinh2 ηa
) · p′
(cosh ηb − cos θb)2
ma2
− p
(cosh ηa − cos θa)2
ma2
· 2
(cosh ηb − cos θb)
ma2
(p′pbθ +
q′φb
sinh2 ηb
)}
sinh2 η
(p2 sinh2 η + q2)
I
[
ppθ +
qpφ
sinh2 η
]
−
sinh2 η
(p2 sinh2 η + q2)
· 2
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}+ q
{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
) +
sin θ
sinh2 η
(qpθ − ppφ)}]
sinh2 η
(p2 sinh2 η + q2)
[{2ppθ sinh η +
2qpφ
sinh η
−
2qpφ cosh η(cosh η − cos θ)
sinh3 η
}pη
(cosh η − cos θ)
ma2
+ 2 sin θ(ppθ +
qφ
sinh2 η
)pθ
(cosh η − cos θ)
ma2
−p
(coshη − cos θ)
ma2
{sin θ(p2η + p
2
θ +
p2φ
sinh2 η
)− λp}+ λ
q2
sinh2 η
])− ϑ3a(−
sinh2 η
(p2 sinh2 η + q2)
·2
(cosh η − cos θ)
ma2
[p{ppη sinh η + sin θ(ppθ +
qφ
sinh2 η
)}+ q{
qpη
sinh η
(1−
cosh η(cosh η − cos θ)
sinh2 η
)
+
sin θ
sinh2 η
(qpθ − ppφ)}]I(pθ + qφ)− I · I
(cosh η − cos θ)2
ma2
[
ppθ +
qpφ
sinh2 η
]
)− I · Iϑ4a(pθ + qφ) (122)
It can be easily verified (Appendix A) that the Hamiltonian H˜ is involutive by computing it’s Poisson
bracket with modified constraints of the theory.
{H˜, Φ˜i} = 0 (123)
where i = 1, 2, 3, 4. Expressions for BRST charge and gauge-fixing fermion for this first class system can
be written using above expression (71) and (74), as
QBRST = iC(
pθ
2p
+
pφ
2q
+Π)− iPPλ
Ψ = P¯ λ+ C¯(pθ + qφ+ ϑ+
pλ
2
) (124)
similarily the BRST symmetry for this system can be written using expression (79) as,
SBRSTλ = C˙, SBRSTQ
a ≡ SBRST(pθ + qφ) = −C,
SBRSTC¯ = −λ˙− (Q
a +Θa) = −λ˙− {(pθ + qφ) + Θ} SBRSTΘ = −C
SBRSTP
A ≡ SBRST{pη + pθ + pφ} = SBRSTC = SBRSTΠ = SBRSTPλ = 0 (125)
which matches with BRST charge, gauge fixing fermion and BRST symmetry obtained for the system
using Stuckelberg formalism in ref ([21]). This shows that result obtained in section IV, V is true for any
L(1 ≤ L < N) dimensional surface embedded in RN .
VIII. BATALIN - VILKOVISKY QUANTIZATION
In this section of the manuscript, we will discuss the quantization of system described above using
the field-antifield formalism [22, 23] for BFFT system discussed in ref([16, 17]). For this purpose we
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will introduce a set of antifields ̟⋆µ = (x
⋆
A,Θ
⋆
a, λ
⋆
a, C
⋆
a) corresponding to the fields ̟
µ = (xA,Θa, λa, Ca).
Here, fields xA,Θa and λa are bosonic and have ghost number zero. The ghosts Ca are fermionic and have
ghost number one. The corresponding anti-fields have opposite grassmanian parity and ghost number
given by minus the ghost number of the corresponding field minus one. Action in terms of fields and
antifields is written as
S = S0 +
∫
dt
[
x⋆A{x
A, Φ˜a}C
a +Θ⋆b{Θ
b, Φ˜a}C
a + λ⋆aC˙
a
]
(126)
where S0 is defined as
S0 =
∫
dt
[
PAx˙
A +ΠaΘ˙
a − λaΦ˜a − H˜
]
(127)
Here χ˜ are the modified constraints in eqn(50). Now, the action in eqn(126)satisfies the classical master
equation
1
2
(S, S) = 0 (128)
where the antibracket between any two quantities X [̟,̟⋆] and Y [̟,̟⋆] is defined as
(X,Y ) =
δrX
δ̟µ
δlY
δ̟⋆µ
−
δrX
δ̟⋆µ
δlY
δ̟µ
(129)
Here we will assume the de Witt’s notation of sum and integration over intermediary variables, when
necessary. In the BV formalism, the BRST differential is introduced using the relation
sX = (X,S) (130)
for any local functional X [̟,̟⋆]. Due to classical master equation and Jacobi identity, s is nilpotent in
nature. So, the BV action satisfying the master equation is equivalent to BRST invariance.
To fix a gauge, we need to introduce trivial pairs C¯a, Pa as new fields and the corresponding antifields
C¯⋆a , P
⋆
a , as well as a gauge-fixing fermion Ψ. The antifields are eliminated by choosing ̟
⋆
µ =
∂Ψ
∂̟µ
. We
can choose the form of Ψ as
Ψ = C¯aΘ
a (131)
Other possible choices can also be made. It is also necessary to extend the fieldantifield action to a
nonminimal action,
S → Snm = S +
∫
dtPaC¯
⋆a (132)
in order to implement the gauge fixing introduced by Ψ. The gauge-fixed generating functional is then
defined as
Zψ =
∫
[d̟µ][dω]−
1
2 [df ]−
1
2 exp
i
~
Snm[̟
µ, ̟⋆µ =
∂Ψ
∂̟µ
] (133)
In general, if we replace the classical fieldantifield action S by some quantum action W expressed as a
local functional of fields and antifields and satisfying the so-called quantum master equation
1
2
(W,W )− i~∆W = 0 (134)
then the gauge symmetries are not obstructed at quantum level. Here ∆ is an operator which is defined
as
∆ ≡ (
δr
δ̟µ
)(
δl
δ̟⋆µ
) (135)
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and it is assumed that W can be expanded in powers of h¯ as
W [̟µ, ̟⋆µ] = S[̟
µ, ̟⋆µ] +
∞∑
p=1
~
pMp[̟
µ, ̟⋆µ] (136)
The first two term of the quantum master eqn(134) are
(S, S) = 0
(M1, S) = i∆S (137)
If ∆S is non-zero and gives a nontrivial result, then there exists someM1 expressed in terms of local fields
such that (137) is satisfied. Using cohomological arguments, it can be shown that the quantum master
equation, for first order systems with pure second class constraints converted with the use of the BFFT
procedure, can always be solved. BRST transformations of the fields and antifields for the converted
system can be written as
SBRSTx
A = {xA, Φ˜a}C
a = −αAaCa
SBRSTΘ
b = {Θb, Φ˜a}C
a = −αbaCa
SBRSTλ
a = C˙a, SBRSTC
a = 0, SBRSTC¯
a = P a, SBRSTP
a = 0
SBRSTx
⋆
A = −
∂S
∂xA
, SBRSTΘ
⋆
a = −
∂S
∂Θa
SBRSTλ
⋆
a = Φ˜a, SBRSTC
⋆
a = −x
⋆
A{x
A, Φ˜a} −Θ
⋆
b{Θ
b, Φ˜a} − λ˙
⋆
SBRSTC¯⋆a = o, SBRSTP
⋆a = C¯⋆a (138)
The symmetry transformations obtained here are similar to the one obtained in (79) using BFV formalism.
It can be shown, on the basis of argument given in ref [24] that enlarged symmetries due to compensating
fields (BFFT variables) are not anomalous. These fields plays non-trivial role at the quantum level because
of the existence of a counterterm, modifying the expectation values of relevant physical quantities.
IX. CONCLUSION
The BRST symmetry for a particle moving in a curved space VL(1 ≤ L < N) embedded in a Euclidean
space RN in both Hamiltonian and Lagrangian formalism is investigated. The results derived here are
applicable for a general class of systems. All the constraints of the system have been calculated using
Dirac’s Hamiltonian analysis. Using the algebra of constraints, we have found that all the constraints of
the system are second class. To construct a gauge invariant theory, we have used the BFFT technique.
Using this technique, all the second class constraints of the system are converted into first class constraints
and corresponding Hamiltonian is also constructed explicitly. We have discussed two possible solutions
of construction of first class constraints and Hamiltonian. Using the involution of Hamiltonians with first
class constraints, these Hamiltonians are shown to be first class. In the limit of φ → 0 the constraints
and Hamiltonians return to original second class constraints and Hamiltonians. Now, using this gauge
invariant system, we have constructed BRST charge, symmetry and the BRST invariant action. For
constructing BRST symmetry from the first class constraint system, BFV formalism is used. These
BRST charges acting on the stetes of the total Hilbert space, will annihilate the physical subspace of it.
From it, we have deduced that first class constraints operating on total Hilbert of system will annihilate
its physical subspace which can be used as a physicality criteria for the BRST invariant system. We have
also suggested a possible methodology to calculate quantum BRST correction in the system. This can be
achieved by calculating quantum BRST operator using mode expansion of fields. A possible comparison
can be drawn with quantum correction due to covariant quantization based on Dirac’s technique. The
action of this quantum operator on the states of the sytem will give us physical state conditions. The
extra term in action which makes it BRST invariant is equivalent to [Qb,Ψ].This could be a future work.
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We have shown that the general results derived here for any surface embedded in RN is consistent with
the results of previous work [1]. We have also discussed particle motion on the torus knot surface as an
example of this kind of system. In this example, we have explicitly calculated all the constraints of this
system and converted them to first class constraints. It has been found that diagonal elements ρ and ǫ of
matrix (of the Poisson’s bracket between the constraints) is nonzero if we take two different torus knot
systems. In the limit of a→ b, the ρ, ǫ will vanish which will simplify our results. We have also constructed
the first class Hamiltonian, BRST charge and symmetry for this system. The BRST charge and symmetry
obtained here are shown to be consistent with the BRST charge and symmetry constructed earlier for this
system using Stuckelberg formalism[21]. It has been shown that all the results deduced for the general
system are consistent with this system. At the end we have discussed Batalin - Vilkovisky quantization
of this system based on BFFT formalism. Here also we have explicitly calculated the BRST symmetry
for the general system which is consistent with the symmetry derived from Hamiltonian formalism. This
again proves the equivalence between the Hamiltonian and Lagrangian formalism.
X. APPENDIX A
First order correction in Hamiltonian due to field φ1a
H
(1)
φ1
= φ1aω
ab
11X
11
bcG
c
1
(0) + φ1aω
ab
12X
21
bcG
c
1
(0) + φ1aω
ab
13X
31
bcG
c
1
(0) + φ1aω
ab
14X
41
bcG
c
1
(0) + φ1aω
ab
11X(bc)
12Gc2
(0)
+φ1aω
ab
11X
13
bcG
c
3
(0) + φ1aω
ab
11X
14
bcG
c
4
(0) + φ1aω
ab
12X
22
bcG
c
2
(0) + φ1aω
ab
12X
23
bcG
c
3
(0) + φ1aω
ab
12X
24
bcG
c
4
(0)
+φ1aω
ab
13X
32
bcG
c
2
(0) + φ1aω
ab
13X
33
bcG
c
3
(0) + φ1aω
ab
13X
34
bcG
c
4
(0) + φ1aω
ab
14X
42
bcG
c
2
(0) + φ1aω
ab
14X
43
bcG
c
3
(0)
+φ1aω
ab
14X
44
bcG
c
4
(0) (139)
For the solution I, out of these sixteen terms, only term containing X11, X22 and X33 will survive. Rest
of other terms will vanish. Hence, the correction is
H
(1)
φ1
= φ1aω
ab
11X
11
bcG
c
1
(0) + φ1aω
ab
12X
22
bcG
c
2
(0) + φ1aω
ab
13X
33
bcG
a
3
(0)
= −φ1a(EIΦ
a
2 +AIΦ
a
3 +Bα
−1Φa4) (140)
For the solution II also, only term containing X11, X22 and X33 will survive. Rest of other terms will
vanish. Hence, the correction is same as in solution I.
First order correction in Hamiltonian due to field φ2a
H
(1)
φ2
= φ2aω
ab
21X
11
bcG
c
1
(0) + φ2aω
ab
21X
12
bcG
c
2
(0) + φ2aω
ab
21X
13
bcG
c
3
(0) + φ2aω
ab
21X
14
bcG
c
4
(0) + φ2aω
ab
22X
21
bcG
c
1
(0)
+φ2aω
ab
22X
22
bcG
c
2
(0) + φ2aω
ab
22X
23
bcG
c
3
(0) + φ2aω
ab
22X
24
bcG
c
4
(0) + φ2aω
ab
23X
31
bcG
c
1
(0) + φ2aω
ab
23X
32
bcG
c
2
(0)
+φ2aω
ab
23X
33
bcG
c
3
(0) + φ2aω
ab
23X
34
bcG
c
4
(0) + φ2aω
ab
24X
41
bcG
c
1
(0) + φ2aω
ab
24X
42
bcG
c
2(0) + φ
2
aω
ab
24X
43
bcG
c
3
(0)
+φ2aω
ab
24X
44
bcG
c
4
(0) (141)
For the solution I, only term containing X11, X22 and X33 will survive. Other terms will vanish. Hence,
the correction is
H
(1)
φ2
= φ2aω
ab
22X
11
bcG
c
1
(0) + φ2aω
ab
22X
22
bcG
c
2
(0) + φ2aω
ab
23X
33
bcG
c
3(0)
= −φ2a(CIΦ
a
2 + FIΦ
a
3 +Dα
−1Φa4) (142)
For the solution II also, only term containing X11, X22 and X33 will survive. Rest of other terms will
vanish. Hence, the correction is same as in solution I.
First order correction in Hamiltonian due to field φ3
H
(1)
φ3
= φ3aω
ab
31X
11
bcG
c
1
(0) + φ3aω
ab
31X
12
bcG
c
2
(0) + φ3aω
ab
31X
13
bcG
c
3
(0) + φ3aω
ab
31X
14
bcG
c
4
(0) + φ3aω
ab
32X
21
bcG
c
1
(0)
34
+φ3aω
ab
32X
22
bcG
c
2
(0) + φ3aω
ab
32X
23
bcG
c
3
(0) + φ3aω
ab
32X
24
bcG
c
4
(0) + φ3aω
ab
33X
31
bcG
c
1
(0) + φ3aω
ab
33X
32
bcG
c
2
(0)
+φ3aω
ab
33X
33
bcG
c
3
(0) + φ3aω
ab
33X
34
bcG
c
4
(0) + φ3aω
ab
34X
41
bcG
c
1
(0) + φ3aω
ab
34X
42
bcG
c
2
(0) + φ3aω
ab
34X
43
bcG
c
3
(0)
+φ3aω
ab
34X
44
bcG
c
4
(0) (143)
For the solution I, only term containing X11 and X22 will survive. Other terms will vanish. Hence, the
correction is
H
(1)
φ3
= φ3aω
ab
31X
11
bcG
c
1
(0) + φ3aω
ab
32X
22
bcG
c
2(0) +
= −φ3a(DIΦ
a
2 − I · IΦ
a
3) (144)
For the solution II also, only term containing X11 and X22 will survive. Rest of other terms will vanish.
Hence, the correction is same as in solution I.
First order correction in Hamiltonian due to field φ4
H
(1)
φ4
= φ4aω
ab
41X
11
bcG
c
1
(0) + φ4aω
ab
41X
12
bcG
c
2
(0) + φ4aω
ab
41X
13
bcG
c
3
(0) + φ4aω
ab
41X
14
bcG
c
4
(0) + φ4aω
ab
42X
21
bcG
c
1
(0)
+φ4aω
ab
42X
22
bcG
c
2
(0) + φ4aω
ab
42X
23
bcG
c
3
(0) + φ4aω
ab
42X
24
bcG
c
4
(0) + φ4aω
ab
43X
31
bcG
c
1
(0) + φ4aω
ab
43X
32
bcG
c
2
(0)
+φ4aω
ab
43X
33
bcG
c
3
(0) + φ4aω
ab
43X
34
bcG
c
4
(0) + φ4aω
ab
44X
41
bcG
c
1
(0) + φ4aω
ab
44X
42
bcG
c
2
(0) + φ4aω
ab
44X
43
bcG
c
3
(0)
+φ4aω
ab
44X
44
bcG
c
4
(0) (145)
For the solution I, only term containing X11 will survive. Other terms will vanish. Hence, the correction
is
H
(1)
φ4
= φ4aω
ab
41X
11
bcG
c
1
(0)
= −I · Iφ4a(Φ
a
2) (146)
For the solution II also, only term containing X11. Other terms will vanish.
H
(1)
φ4
= φ4aω
ab
41X
11
bcG
c
1
(0)
= −Iα−1φ4a(Φ
a
2) (147)
XI. APPENDIX B
Poisson Bracket between modified Hamiltonian and modified constraints due to solution I, are
{Φ˜a1 , H˜} = {Φ
a
1 , HT }+ {φ
1
a, H
′(1)} = Φa2 + {−Φ
a
2} = 0
{Φ˜a2 , H˜} = {Φ
a
2 , HT }+ {φ
2
a, H
′(1)} = Φa3 + (DIΦ
a
2 − IΦ
a
3)− I
β
α
Φa2 = 0
{Φ˜a3 , H˜} = {Φ
a
3 , HT }+ {αφ
3
a, H
′(1)} = Φa4 − αI(CIΦ
a
2 + FIΦ
a
3 +Dα
−1Φa4) +
ρ
α
(DIΦa2 − IΦ
a
3)
−I
γ
α
Φa2 = 0
{Φ˜a4 , H˜} = {Φ
a
4 , HT }+ {αφ
4
a, H
′(1)} = αI(EIΦa2 +AIΦ
a
3 +Bα
−1Φa4) +
αβT
γ
(CIΦa2 + FIΦ
a
3
+Dα−1Φa4) +
γT
α
(DIΦa2 − I · IΦ
a
3) +
ǫ
α
Φa2 = 0 (148)
Similarly the Poisson bracket between modified Hamiltonian and constraints due to solution II can be
shown to be involutive.
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